A number theoretic question arising in the geometry of plane curves and
  in billiard dynamics by Cyr, Van
ar
X
iv
:1
10
3.
50
72
v1
  [
ma
th.
NT
]  
25
 M
ar 
20
11
A NUMBER THEORETIC QUESTION ARISING IN THE
GEOMETRY OF PLANE CURVES AND IN BILLIARD
DYNAMICS
VAN CYR
Abstract. We prove that if ρ 6= 1/2 is a rational number between zero and
one, then there is no integer n > 1 such that
n tan(piρ) = tan(npiρ).
This has interpretations both in the theory of bicycle curves and that of math-
ematical billiards.
1. Introduction
A closed plane curve Γ : S1 → R2 of perimeter length 2π is called a bicycle curve
(of rotation number ρ) if ‖Γ(t + ρ) − Γ(t)‖ is constant for all t (see the end note
in [4] for a list of papers dealing with bicycle curves).
A theorem of Tabachnikov [4, Theorem 7] says that the circle admits a non-trivial
infinitesimal deformation as a smooth plane bicycle curve of rotation number ρ if
and only if ρ is a root of the equation n tan(πρ) = tan(nπρ) for some integer n ≥ 2.
Recently, E. Gutkin [2] conjectured our Theorem 1 and showed that it implies that
certain billiard maps act like irrational rotations.
We study this equation in the case that ρ ∈ Q to determine for which ρ the circle
is rigid as a bicycle curve.
A similar trigonometric equation was obtained by Tabachnikov to determine
the rigidity of the polynomial analog of a bicycle curve (an (n, k)-bicycle polygon;
see [4]). In [1], R. Connelly and B. Csiko´s studied solutions to the equation and
classified the first-order flexible bicycle polygons.
2. Statement of Results
Our main result is the following.
Theorem 1. If ρ ∈ (0, 1) ∩Q \ { 12}, then there is no integer n > 1 such that
n tan(πρ) = tan(nπρ).
It follows from two lemmas, which we state here.
Lemma 2. Suppose ρ ∈ (0, 1) ∩ Q \ { 12}, then there exists an integer n > 1 such
that
n tan(πρ) = tan(nπρ) (1)
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if and only if
sin((n− 1)πρ)
sin((n+ 1)πρ)
=
n− 1
n+ 1
. (2)
Lemma 3. If ρ ∈ (0, 1) ∩Q \ { 12} and k,m ∈ Z are such that sin(mπρ) 6= 0, then
sin(kπρ)
sin(mπρ)
is either −1, 0, 1 or irrational.
Proof of Theorem 1. By Lemma 2, any such n, ρ would have to satisfy (2). Since
n > 1 we know
n− 1
n+ 1
/∈ {−1, 0, 1},
so the pair k := n − 1, m := n+ 1 contradicts Lemma 3 (that sin((n + 1)πρ) 6= 0
follows from (2)). 
3. Proof of Lemma 2
For z ∈ C \
{ (2k+1)π
2 : k ∈ Z
}
,
tan(z) =
i(e−iz − eiz)
e−iz + eiz
.
By assumption |tan(πρ)| < ∞, so if n satisfies (1) then |tan(nπρ)| < ∞. So our
original equation can be rewritten as
n
i(e−iπρ − eiπρ)
e−iπρ + eiπρ
=
i(e−inπρ − einπρ)
e−inπρ + einπρ
.
This reduces to
ni(e−iπρ − eiπρ)(e−inπρ + einπρ) = i(e−inπρ − einπρ)(e−iπρ + eiπρ),
which further simplifies to
(n− 1)
(
e−i(n+1)πρ − ei(n+1)πρ
)
= (n+ 1)
(
e−i(n−1)πρ − ei(n−1)πρ
)
. (3)
Since n > 1 we know (n − 1)(n + 1) 6= 0, so if e−i(n+1)πρ − ei(n+1)πρ = 0 then
e−i(n−1)πρ − ei(n−1)πρ = 0. But if e−i(n−1)πρ = ei(n−1)πρ, then
e−i(n+1)πρ = e−i(n−1)πρe−2πiρ = ei(n−1)πρe−2πiρ 6= ei(n−1)πρe2πiρ = ei(n+1)πρ
which is a contradiction (here we used ρ 6= 12 ). So we can divide in (3) to get
n− 1
n+ 1
=
e−i(n−1)πρ − ei(n−1)πρ
e−i(n+1)πρ − ei(n+1)πρ
=
(
ei(n−1)piρ−e−i(n−1)piρ
2i
)
(
ei(n+1)piρ−e−i(n+1)piρ
2i
) = sin((n− 1)πρ)
sin((n+ 1)πρ)
.

4. Proof of Lemma 3
In this section we set ωn := e
2πi/n to be a primitive nth root of unity and Q(ωn)
the nth cyclotomic field. We need the following two well-known facts (see [5], for
example):
(1) |Q(ωn) : Q| = φ(n) (Euler’s φ-function);
(2) Q(ωn) = Span{1, ωn, ω
2
n, . . . , ω
n−1
n }.
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4.1. Basic Strategy of Proof. We want to show that if ρ = pq and sin(kπρ) =
λ sin(mπρ) then λ ∈ {−1, 0, 1}. Since sin(kπρ), sin(mπρ) ∈ Q(ω2q), our main tool
is the following simple (but useful) observation.
Lemma 4. Let B be a basis for an n-dimensional Q-vector space V and sup-
pose u, v ∈ V are vectors whose coordinates (relative to B) all come from the set
{−1, 0, 1}. If u = λv for some λ ∈ Q, then λ ∈ {−1, 0, 1}.
We will prove Lemma 3 by (explicitly) constructing a basis B for Q(ω2q) in which,
for every integer ℓ, iℑ(ωℓ2q) is of the type described in Lemma 4.
4.2. Motivating Case. This subsection is not necessary to prove Lemma 3, but
is included to demonstrate the main idea of the proof. Here we will prove Lemma 3
in the special case that the denominator of ρ is an odd prime (see Corollary 6).
Lemma 5. If n is an odd prime and we define
An := { ℜ(ωn), ℜ(ω
2
n), . . . , ℜ(ω
(n−1)/2
n )}
Bn := {iℑ(ωn), iℑ(ω
2
n), . . . , iℑ(ω
(n−1)/2
n )},
then An ∪Bn is a basis for Q(ωn) over Q.
Proof. First note that ωkn ∈ Span(An) for every k = 1, 2, . . . , n (sum the geometric
series ωn+ω
2
n+ · · ·+ω
n−1
n = −1 to see the k = n case). Next |An ∪Bn| = n− 1 =
φ(n) (since n is prime). Any spanning set with φ(n) elements is a basis. 
Since |Q(ω2n) : Q| = φ(2n) = φ(n) = |Q(ωn) : Q|, Lemma 5 also produces a
basis for Q(ω2n).
Corollary 6 (Lemma 3 for an odd prime). If n is an odd prime and k1, k2 ∈ Z are
such that sin
(
k2π
n
)
6= 0, then
sin
(
k1π
n
)
sin
(
k2π
n
) (4)
is either −1, 0, 1 or irrational.
Proof. There exists 0 < k˜1 ≤ k˜2 ≤
n−1
2 such that
sin
(k1π
n
)
= ±ℑ(ωk˜12n)
sin
(k2π
n
)
= ±ℑ(ωk˜22n).
If 4 is a rational number, say iℑ(ωk˜12n) = iλℑ(ω
k˜2
2n) for some λ ∈ Q, then λ ∈
{−1, 0, 1} (by Lemma 4). 
4.3. Prime Powers. Here we generalize Lemma 5 to the case where the denomi-
nator of ρ is a prime power.
Lemma 7. If n = pk is an odd prime power and we define
Apk := { ℜ(ω
t
n) : 1 ≤ t ≤ φ(n)/2}
Bpk := {iℑ(ω
t
n) : 1 ≤ t ≤ φ(n)/2},
then An∪Bn is a basis for Q(ωn) over Q. Moreover for any integer t, all coefficients
of the vectors ℜ(ωtn) and iℑ(ω
t
n) (with respect to this basis) are contained in the set
{−1, 0, 1}.
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Proof. The set An ∪Bn contains exactly φ(n) = p
k−1(p− 1) many elements so to
prove the first claim it suffices to show that Span{An ∪ Bn} = Q(ωn), or simply
that ωtpk ∈ Span{An ∪Bn} for every integer t ∈ [0, p
k − 1].
It is immediate that if 1 ≤ t ≤ p
k−1(p−1)
2 , then ω
±t
pk
∈ Span{An∪Bn} (recall that
ℜ(ω−tn ) = ℜ(ω
t
n) and ℑ(ω
−t
n ) = −ℑ(ω
t
n)). That is, the only integers t ∈ [1, p
k − 1]
for which we have not yet verified that ωtpk ∈ Span{An ∪Bn} are those satisfying
pk−1(p− 1)
2
< t <
pk−1(p− 1)
2
+ pk−1.
If 0 < s < pk−1, then there is precisely one r ∈ [0, (p− 1)/2) so that
ts := rp
k−1 + s+ 1 ∈
(
pk−1(p− 1)
2
,
pk−1(p− 1)
2
+ pk−1
)
.
On the other hand, for any s,
ωspk+1 + ω
pk−1+s
pk+1
+ ω2p
k−1+s
pk+1
+ · · ·+ ω
(p−1)pk−1+s
pk+1
= 0 (5)
(divide both sides by ωspk+1 and sum the geometric series). In light of (5) and our
previous verification that ωtn ∈ Span{An ∪Bn} for every t ≡ s (mod p
k−1) (except
ts itself), we see ω
ts
n ∈ Span{An ∪ Bn}. It remains only to see that 1 = ω
0
n ∈
Span{An∪Bn}. This follows because from (5) with s = 0 and the observation that
rpk−1 /∈
(pk−1(p−1)
2 ,
pk−1(p−1)
2 + p
k−1
)
for any integer r.
The second claim follows from the previous two paragraphs. 
Lemma 8. If n = 2k and we define (for integers t)
A2k := { ℜ(ω
t
n) : 0 ≤ t < 2
k−2}
B2k := {iℑ(ω
t
n) : 0 < t ≤ 2
k−2},
then An∪Bn is a basis for Q(ωn) over Q. Moreover for any integer t, all coefficients
of the vectors ℜ(ωtn) and iℑ(ω
t
n) (with respect to this basis) are contained in the set
{−1, 0, 1}.
Proof. As before, the number of elements in A2k ∪B2k is 2
k−1 = φ(2k) so it suffices
to see that ωtn ∈ Span(A2k ∪B2k) for every 0 ≤ t < 2
k.
It is immediate that ωtn ∈ Span(A2k ∪ B2k) for 0 ≤ t ≤ 2
k−2 (note that
ℜ(ω2
k−2
n ) = ℑ(ω
0
n) = 0). This describes the set of all (2
k)-th roots of unity in
the first quadrant in C. The set of all roots is symmetric about the real and imag-
inary axes, so ωtn ∈ Span(A2k ∪B2k) for every t.
Again, the second claim is by construction. 
4.4. General Result. Finally we are ready to prove Lemma 3 in full generality.
We begin with some notation: if S1, S2, . . . , Sn are (nonempty) subsets of C, define
S1S2 · · ·Sn := {α1α2 · · ·αn ∈ C : αi ∈ Si}.
Lemma 9. If pe11 p
e2
2 · · · p
ek
k is the prime factorization of an integer n and we define,
for 1 ≤ i ≤ k and 0 ≤ j ≤ 1,
Dji =
{
Aqi if j = 0
Bqi if j = 1
A NUMBER THEORETIC QUESTION ARISING IN THE GEOMETRY OF PLANE CURVES AND IN BILLIARD DYNAMICS5
and set
Dn :=
⋃
(j1,...,jk)∈{0,1}k
Dj11 · · ·D
jk
k ,
then Dn is a basis for Q(ωn) over Q. Moreover for any integer t, all coefficients of
the vectors ℜ(ωtn) and iℑ(ω
t
n) (with respect to this basis) are contained in the set
{−1, 0, 1}.
Proof. It is immediate that Dn is a basis for Q(ωn), but it remains to see that all
coefficients (with respect to the basis Dn) of the vectors ℜ(ω
t
n) and iℑ(ω
t
n) are in
the set {−1, 0, 1}.
Suppose 0 ≤ t < n and write
t = s1(n/q1) + s2(n/q2) + · · ·+ sk(n/qk),
where 0 ≤ si < qi for i = 1, 2, . . . , k. Then ω
t
n = ω
s1
q1ω
s2
q2 · · ·ω
sk
qk
. Write
ℜ(ωsiqi ) = λi,1ℜ(ωqi) + λi,2ℜ(ω
2
qi) + · · ·+ λi,φ(qi)/2ℜ(ω
φ(qi)/2
qi )
ℑ(ωsiqi ) = µi,1ℑ(ωqi) + µi,2ℑ(ω
2
qi) + · · ·+ µi,φ(qi)/2ℑ(ω
φ(qi)/2
qi ),
where λi,j , µi,j ∈ {−1, 0, 1} (possible by Lemmas 7 and 8). Then ℜ(ω
t
n) and iℑ(ω
t
n)
are both sums of expressions of the form
±δ1δ2 · · · δkG1G2 · · · Gk,
where Gi ∈ Aqi ∪ Bqi and δi ∈ {λi,1, . . . , λi,φ(qi)/2, µi,1, . . . , µi,φ(qi)/2}. The result
follows. 
Proof of Lemma 3. Let ρ ∈ (0, 1) ∩ Q \ { 12} and suppose k,m ∈ Z are such that
sin(mπρ) 6= 0. If sin(kπρ)/ sin(mπρ) = λ ∈ Q then, by Lemmas 4 and 9, λ ∈
{−1, 0, 1}. 
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